We study the stability of the Electroweak (EW) vacuum in a scale-invariant extension of the Standard Model and General Relativity, known as a HiggsDilaton theory. The safety of the EW vacuum against possible transition towards another vacuum is a necessary condition for the model to be phenomenologically acceptable. We find that, within a wide range of parameters of the theory, the decay rate is significantly suppressed compared to that of the Standard Model. We also discuss properties of a tunneling solution that are specific to the HiggsDilaton theory.
Introduction
An issue of stability of the electroweak (EW) vacuum is of considerable interest in recent years. In the Standard Model (SM), the tree-level Higgs potential has an absolute minimum corresponding to this vacuum. The quantum corrections modify the potential drastically through the Renormalization Group (RG) running of the Higgs quartic coupling λ [1, 2, 3] , and a new minimum can develop at large scales, making the EW vacuum unstable. The shape of the Higgs potential at large scales is very sensitive to the SM parameters and, in particular, to the Higgs mass m H and the top quark mass m t . At the moment, the largest uncertainty in the parameters of the potential is due to uncertainties in the top mass measurements [4] . The value of m t is extracted from the Monte-Carlo analysis of the decay products of the top quark, and it depends on the decay channels taken into account [5, 6] . Further uncertainties to the value of m t arise in theoretical analysis, where they are related to the difference between the Monte-Carlo and the pole masses of the quark. Note that these uncertainties leave the possibility for λ to stay positive all the way up to the Planck scale, in which case no second minimum appears [4] . However, for the current best-fit values of the SM parameters, λ crosses zero at the scale ∼ 10 10 GeV , and reaches its negative minimum at the scale ∼ 10 17 GeV [7, 8] . Hence, the possible instability of the EW vacuum must be properly taken care of, and a question of whether its life-time exceeds significantly the current age of the Universe deserves a special attention.
The problem of stability of the EW vacuum is subject of numerous studies in the recent literature. These include the investigation of the vacuum decay in the SM Higgs potential and in flat space-time background [2, 3] , the gravitational or thermal effects on the decay [9, 10, 11, 12] , the vacuum stability at different cosmological epochs [13, 14, 15, 16] or in the presence of black holes [17, 18] . In this paper, we contribute to this research by analyzing the EW vacuum stability in one extension of the SM and General Relativity (GR) known as a Higgs-Dilaton theory [19, 20] .
The Higgs-Dilaton theory is an effective field theory whose properties allow it to account for many issues in particle physics and cosmology, which still lack of a complete explanation. For example, it makes a step towards a solution of the hierarchy problem by reformulating it in terms of dimensionless quantities. This is achieved by demanding the theory to be scale-invariant both at classical and quantum level. All scales are hence generated dynamically. Next, it is able to provide us with a plausible cosmological scenario, including inflation, dark matter and dark energy domination epochs of the Universe. Hence, the theory is phenomenologically acceptable in a wide range of scales. To confirm its viability, it remains to check whether the EW vacuum of the model is sufficiently safe compared to the SM case. We will be interested in the decay rate of the false vacuum, which is expressed as [21] 
Here S E (bounce) is an euclidean action of the theory computed on a so-called bounce solution interpolating between the false and true vacua, S E (F V ) is an euclidean action of the false vacuum (which is the EW vacuum in our case), and A is a prefactor. In this paper, we will mainly focus on computing the exponential coefficient B. The value of A can be simply estimated in the flat background [22] , and we assume this approximation to hold in our case as well. We will find that in a wide range of parameters of the HiggsDilaton model, the EW vacuum decay probability is safely small. Moreover, the decay rate is suppressed significantly compared to that in the case of SM. We conclude that features of the Higgs-Dilaton model lead to additional stabilization of the false vacuum. We start in Section 2 with the brief review of the Higgs-Dilaton model, aiming to fix the notations and to introduce a particular set of field coordinates at which it is convenient to perform the analysis of classical solutions of the euclidean theory. In Section 3 we first provide an analytical investigation of the bounce solution and of an effective potential for it. We then find the bounce numerically and calculate the exponential factor B for the wide range of parameters of the model. We discuss our findings and some further important properties of the bounce in Section 4. Finally, in Conclusion we collect the main results.
Review of the Higgs-Dilaton model
The Higgs-Dilaton model is a moderate extension of the SM and GR that contains no dimensional parameters at classical level. All scales are introduced as a result of a spontaneous breakdown of the scale invariance. The model contains the Higgs ϕ and the dilaton χ fields coupled to gravity in a non-minimal way, and the rest of the SM content unchanged. The presence of the massless dilaton is necessary for the model to match the observational data [19] . The fields ϕ and χ are allowed to interact in the way that preserves the scale invariance. The Lagrangian of the theory takes the form
where the last term is the SM Lagrangian without the Higgs potential. We will refer to the Lagrangian (2) as the one written in the Jordan (J−)frame. The potential V (ϕ, χ) is taken in the most general form, compatible with the scale invariance,
with α and β some constants.
The requirement for the model to be phenomenologically viable constrains its parameters significantly. First, note that the non-minimal couplings ξ h and ξ χ must be positive. This ensures the semi-positive definiteness of kinetic terms for the scalar fields ϕ and χ. Requiring further for the theory to yield a successful inflationary scenario restricts the couplings to the values ξ h ∼ 10 3 − 10 6 , and ξ χ 10 −2 [19] . In this paper, we relax this condition by allowing the couplings to be simply
Next, the Higgs-Dilaton model reproduces the observed hierarchy between the Planck, electroweak and cosmological scales provided that
For our purposes, one can safely neglect the contributions from the corresponding terms of the potential and set α = β = 0. Indeed, such approximation is clearly applicable as long as λ|ϕ| 2 αM 2 P . However, as will be shown later, the contribution to the decay exponent from the region of |ϕ| where this condition violates is itself negligible if the inequalities (4) and (5) hold. Hence, the approximation is justified for all values of |ϕ|. Choosing the unitary gauge for the Higgs field, ϕ T = (0, h/ √ 2), we rewrite the potential (3) as follows,
Finally, the euclidean form of the Lagrangian (2) is written as
where we omitted all terms in L SM,λ→0 , except the kinetic term for the Higgs field, since they are not relevant for our analysis. Whenever the non-minimal couplings are non-zero, one can perform the following metric redefinition,
to rewrite the theory in the form in which the non-minimal couplings are absent. We will refer to this form as the Einstein (E−)frame. To achieve this, the conformal factor Ω 2 has to be chosen as
Making use of the standard relations between the J− and E−frames [25] ,
rewritten in the euclidean signature, we arrive at the following Lagrangian
The kinetic termK has a non-canonical form,
where we introduced the notation (
The quantity γ ij can be interpreted as a metric in the two-dimensional field space spanned by h and χ, in the E−frame. It is given by
Finally, the transformed potential is written as
We now look for further redefinition of the fields of the theory, aiming to recast the field space metric (13) into a diagonal form. To this end, we exploit the scale invariance of the model. Consider the infinitesimal scale transformation of the fields in the E−frame,
where σ is a small constant. The current corresponding to this transformation reads as follows,
Following [19] , we introduce a new set of variables (φ 1 , φ 2 ) ≡ (ρ, θ) that transform under the scale transformations as
Due to the scale invariance of the Lagrangian (11), the field ρ can only enter the Lagrangian through its derivatives. Requiring the metric γ ij corresponding to the fields (ρ, θ) to be diagonal, we haveJ
Comparing the currents (16) and (18), we deduce the following expression for ρ,
4
We observe that ρ can be viewed as a radial coordinate in the field space spanned by the vectors 1 + 6ξ χ χ and √ 1 + 6ξ h h. We can choose θ to be an angular coordinate in this space, that is
By construction, θ does not transform under the scale transformations, in agreement with (17) . In terms of θ and ρ, the Lagrangian (11) is written as
with the potentialṼ
where
and
We see that the fields ρ and θ are almost decoupled, and, what is more important, the potentialṼ depends on θ only. This simplifies significantly the study of the classical solutions in the theory.
3 Bounce in the Higgs-Dilaton model
Equations of motion and boundary conditions
A bounce is a regular solution interpolating between the regions of true and false vacua. Since we study the vacuum decay in a homogeneous and isotropic environment, we can assume the bounce to be O(4)−symmetric. 2 Hence, the following ansatz for the metric can be chosen,
where r is a radial coordinate, and dΩ 2 3 denotes the angular part of the metric. In what follows, we neglect the space-time curvature arising due to the current value of the cosmological constant Λ 0 , by assuming the false vacuum state geometry to be flat. As will be shown later, this is a reasonable approximation as long as m H Λ 1/4 0 . In this case, the function g is required to approach the flat space limit at infinity and the euclidean AdS limit at the origin. The scalar fields ρ and θ are required to have a good behavior at infinity, in order to ensure the finiteness of the action, and to be regular at the origin.
Applying the ansatz (25) to the equations of motion, following from the Lagrangian (21), one finds,
with C some constant. It is easy to see that the requirement for θ to approach a finite true vacuum value θ 0 at the origin spoils whenever C = 0. Hence, the tunneling solution must obey ρ = ρ 0 = const, and the value of ρ 0 is fixed by the false vacuum state, h F V = 0, χ F V = M P / ξ χ [19] . 3 From Eq. (19) we have
Under the conditions (25) and (27) , the equations of motion become
The system (28), (29) is to be solved numerically. However, before plunging into numerics, it is useful to understand the qualitative behavior and asymptotic properties of the bounce analytically. This analysis is performed below.
Running couplings
In the Quantum theory framework, the potential (22) gets modified due to the RG running of the coupling constants ξ h , ξ χ and λ. Quantum theory predictions are extracted from the classical action of the theory and from the set of subtraction rules used to renormalize it. The Higgs-Dilaton model, whose classical Lagrangian is given by (21) , is not renormalizable, hence the physical results will depend on the way we regularize it. We choose to regularize the quantum theory in such a way that all the symmetries of the classical action, including scale invariance, remain intact. An example of such regulatization procedure was constructed in [28] (see also [29] ), and applied to the Higgs-Dilaton model in [20] . It is based on dimensional regularization, in which the 't Hooft-Veltman normalization point µ is replaced by some function of the fields h, χ, in the J−frame. The different choices of the function produce different physical results. We will consider two most natural possibilities. One of them corresponds to identification of µ with the gravitational cut-off in the J−frame,
The second possibility is to choose the scale-invariant direction along the dilaton field, i.e.,
To test the ability of the Higgs-Dilaton model to describe correctly the inflationary physics, the careful analysis of the quantum corrections to the potential (6) during inflation is needed. Such analysis was performed in [20] . It was shown that at oneloop level the leading contribution to the potential is given by
3 We neglect corrections due to the non-zero α and β.
where
and treatμ 2 as a usual momentum scale on which nothing depends in the final result, since the change of it would be compensated by the running of λ(μ) and ξ h,χ (μ). It is convenient to fix the value ofμ such that the logarithmic contribution (32) is minimized for each value of h,μ
Depending on the choice of the normalization point µ I,II , this gives,
Finally, we rewrite these expressions in terms of the variables ρ and θ to obtain
with ς given in (24) . In accordance with the chosen regularization scheme, the momentum scale depends only on the scale invariant quantity θ. The RG enhanced potential for the field θ is given by (22) with λ replaced by the running coupling λ(μ I,II (θ)). 
Effective potential
To get an insight into qualitative properties of the bounce, it is useful to rewrite the solution ρ = ρ 0 , θ = θ b (r) in terms of the original variables h and χ. From the formula (19) we obtain the relation between h b and χ b ,
One observes that the bounce trajectory draws a circle in the field space spanned by the vectors 1 + 6ξ χ χ and √ 1 + 6ξ h h, as shown in Fig.(1) . The relation (35) allows us to study the bounce using a single variable which we choose to be h b . Using Eqs. (35) and (20) , one finds the relation between h b and θ b , . This condition, seeming obscuring in the (ρ, θ)−variables, becomes clear if we write it in terms of h b ,
where it is seen to be the consequence of Eq. (35). The inequality (37) imposes a non-trivial condition on the magnitude h 0 of the bounce. We will say more about this below. Using Eqs. (22) and (35), one obtains the effective potential for the bounce,
One minimum of this potential is achieved at h b = 0, in accordance with the false vacuum solution θ F V = 0 of the equation of motion (28). 5 Another, deeper minimum develops whenever λ(μ I,II (h b )) crosses zero at some scale h * . Note also that, as long as the condition (4) is fulfilled, the potential (38) possesses no singular points. Figure 1 : The bounce configuration in terms of the Higgs (h) and dilaton (χ) fields. An arrow points the direction in which r grows. Now we would like to investigate how variations of the different couplings, that are present in the potential (38), affect the decay rate (1). Presumably, the strongest effect on the bounce is caused by the variation of the Higgs quartic coupling λ(μ). For this reason, below we choose different values of the top mass m t -those, lying in the 2σ experimental uncertainty region according to the combined fit provided in [7] . However, the effect of varying m t is well-known in the case of SM (see the Introduction), and we do not expect it to change much in the Higgs-Dilaton theory.
Next, we turn to the non-minimal couplings ξ h and ξ χ . We ask what the signs of variations δB δξ h and δB δξχ are in the cases when the normalization prescriptions (34) are implemented.
Prescription I. As will be seen later from numerics, under the conditions (4) the magnitude of the bounce satisfies
Then, using Eq. (36), one expresses the normalization pointμ I through h b as follows,
If h * h 0 , one expects the dominant contribution to the bounce action coming from the region of r at which the bounce solution is determined mainly by the behavior of the effective potential V eff at large h b . Hence, the variation of B is determined by the variation of the asymptotics of V eff . From Eqs. (38) and (40) we have,
from which it follows that δB δξ Prescription II. Under the condition (39), the dependence of the normalization scaleμ II on the variable h b can be written aŝ
Using Eqs. (38) and (43), we arrive again at the result (41), from which the inequalities (42) follow. Thus, we expect that for both normalization prescriptions the exponential coefficient B grows as ξ h increases or ξ χ decreases, making the tunneling less probable. These expectations are confirmed by numerical results.
Decay rate
By making use of the Einstein equations, the euclidean action on the bounce can be brought to the form
where g b and θ b are the bounce solution of Eqs. (28), (29) . The integral is truncated from above by the non-zero Higgs mass. Indeed, as long as r m −1 H , the Higgs field is effectively massless, and the bounce exhibits a power-like asymptotics, θ b ∼ r −2 , that contributes to the integral (44). At r m −1 H , the bounce becomes decaying exponentially fast, and the contribution to the action from that region of r is negligible. This allows us to justify the approximation that we made for the potential V (h, χ). Namely, as long as m 2 H αM 2 P /λ, the corrections to the bounce coming from the non-zero α and β can be neglected. It was shown in [19] that under the conditions (4) and (5), the Higgs mass is given by
hence the required inequality is fulfilled. We can also justify the flat space approximation for the false vacuum state that we made when discussing the boundary conditions for the bounce solution. Indeed, as long as m H Λ 1/4 0 , the integral (44) is insensitive to the non-trivial space geometry, and the flat space asymptotics can be used. GeV , corresponding to the 2σ experimental uncertainty region [7] .Now we turn to the calculation of the decay rate (1), focusing on the exponential coefficient B. In our case, S E (F V ) = 0, and B is given by the r.h.s. of Eq. (44). We are interested in the ratio B/B 0 , where B 0 is the SM bounce action in flat space and for the same values of the SM parameters. To compute the RG running of the Higgs quartic coupling λ, we use the code based on [30, 1] . We take the Higgs mass m H = 125.09 GeV [8] , and the top mass m t = 173.34 GeV [7] . To see the effect from varying m t , we also compute B/B 0 for m t = 173.34 ± 1.52 GeV corresponding to the 2σ experimental uncertainty region [7] . 6 The results for two normalization pointŝ µ =μ I,II , withμ I,II given in (34) , are presented in Fig.3 .
We observe that the difference between the results obtained within different normalization prescriptions is small. The behavior of B as a function of the non-minimal couplings ξ h and ξ χ confirms the predictions (42) based on the qualitative analysis of the effective potential for the bounce solution. We also see that necessarily B > B 0 . This is to be expected, since the bounce interpolates between the (approximately) flat space and the AdS space, and the gravitational effects are known to make the transition from Minkowski geometry to AdS geometry less probable compared to the flat space limit [31] .
EW vacuum stability in the Higgs-inflation scenario
Before we have discussed how the quantum corrections affect the shape of the effective potential for the bounce solution at the relevant energy scales. Let us now discuss the possibility that these corrections change the potential in the way that makes the possible metastability of the EW vacuum compatible with the Higgs-infation scenario [32] . Renormalization effects due to non-minimal coupling of the Higgs field can bring the Higgs self-coupling to positive values at inflationary scales, as shown schematically in Fig.4(a) . A typical energy at which these effects take over is of the order h inf ∼ M P /ξ h . As long as this scale exceeds the magnitude of the bounce h 0 , the corrections do not affect the decay rate. On the other hand, if h 0 h inf , we expect the bounce to change significantly, yielding the further suppression of the tunneling probability. Somewhat surprisingly, numerical calculations show that for the values of ξ h and ξ χ that we consider here, h 0 never approaches h inf . We illustrate this point in Fig.4(b) , where we choose, as an example, m t = 173.34 GeV andμ =μ I . We conclude that the inflationary physics produces no effect on the stability of the EW vacuum in the current low-temperature background.
Discussion
Let us first make a general comment about the bounce solution in the Higgs-Dilaton model. We would like to emphasize the fact that, according to the inequality (37), the theory restricts the maximal scale, that the tunneling solution can hit, by the value
. This threshold is well below the Planck scale, provided that
Moreover, as is seen from the numerical findings, for the values of parameters of the theory that we discuss here, including the range of them acceptable for phenomenology,
log 10 ξχ log 10 ξh the magnitude of the bounce satisfies the much stronger condition, h 0 M P /ξ h . Note that the bound h max is determined solely by ξ h and ξ χ and is independent of any other couplings of the theory. Being the effective theory, the Higgs-Dilaton model possesses a UV-cutoff scale, which in our case is given by the effective Planck mass [20] . When approaching that scale, the theory is required to be supplemented by a sequence of higher-order operators, suppressed by the value of the cutoff. If the inequality (46) holds, the introduction of these operators has no effect on the decay rate of the EW vacuum as long as they do not spoil the condition ρ b = 0. This observation reveals the difference between the tunneling processes in the Higgs-Dilaton model and in the SM. Indeed, it is known that the SM-bounce can probe the sub-Planckian energies, and that the Planck-suppressed operators, added to the theory, can change drastically the predictions for the EW vacuum decay rate [33] . We conclude that, compared to the case of SM, the tunneling probability in the Higgs-Dilaton model at the range of parameters specified by (46) is less sensitive to new physics interfering at the Planck scales.
Let us now discuss the life-time of the Universe in the Higgs-Dilaton model. Whenever the EW vacuum is not absolutely stable, there remains possibility for a transition towards another minimum of the Higgs potential. We would like to make sure that the calculations we have performed for the exponential factor B guarantee the expected life-time to exceed the present age of the Universe by many orders of magnitude. To this end, one needs to estimate the prefactor A introduced in (1). In flat space-time, the good estimation for A is [22] A ∼ R −4 ,
where R is the full-width-half-maximum of the bounce. We assume that the formula (47) remains valid after gravity and non-minimal couplings are taken into account. Then, the life-time is given by [33] 
where T U is the age of the Universe. For example, taking m H = 125.09 GeV and m t = 173.34 GeV , we have in the SM case [34] τ 0 ∼ 10 600 T U .
One can estimate the additional suppression of the decay rate in the Higgs-Dilaton model by computing the ratio τ /τ 0 for different couplings ξ h and ξ χ . As an example, Fig.5 shows the ratio when choosing m t = 173.34 GeV andμ =μ I . In particular, we observe that for the values of ξ h acceptable for inflation, the life-time of the EW vacuum is enhanced by at least 130 orders of magnitude compared to the SM case. Thus, the EW vacuum of the Higgs-Dilaton model is much safer than that of the SM. 
Conclusion
In this paper we have investigated the EW vacuum decay in the Higgs-Dilaton model. We have addressed the question of vacuum stability for the wide range of parameters of the theory. The stability of the EW vacuum against the transition towards another minimum of the Higgs potential is one of the necessary ingredients that make the theory phenomenologically viable. Our analysis showed that the transition probability is suppressed significantly compared to the SM case, yielding the further stabilization of the EW vacuum. We also pointed out that possible corrections to the Higgs potential, coming from inflationary physics, do not change the life-time of the EW vacuum. Furthermore, the decay rate of the EW vacuum in the Higgs-Dilaton model is less sensitive to the higher-order Planck-suppressed operators, than the decay rate in the SM, provided that ξ h ξ χ 1.
